Topological properties of a certain class of spinless three-band Hamiltonians are shown to be summed up by the Skyrmion number in momentum space, analogous to the case of two-band Hamiltonian. Topological tight-binding Hamiltonian on a Kagome lattice is analyzed with this view. When such a Hamiltonian is "folded", the two bands with opposite Chern numbers merge into a degenerate band exhibiting non-Abelian gauge connection. Conserved pseudo-spin current operator can be constructed in this case and used to compute the pseudo-spin Hall conductance. Our model Hamiltonians belong to the symmetry class D and AI according to the ten-fold classification scheme.
I. INTRODUCTION
Topological properties embedded within a band structure have emerged as one of the central themes of condensed matter physics nowadays. The topological nature is often expressed as the gauge field derived from the underlying wave functions and manifests itself in such observable phenomena as anomalous and spin Hall effects in metals 1, 2 . Quantized versions of the phenomena exist in insulators, when a certain topological number can be associated with the completely filled bands. Classification of the permissible topological numbers in a given band Hamiltonian was recently carried out 3 . Numerous efforts are being made at the moment to suggest specific models belonging to a particular entry in the classification table with relevance to realizable experimental systems. A most striking instance of this kind of effort is Haldane's proposal of microscopic two-band Hamiltonian with spontaneous quantized Hall conductance 4 , its generalization to time-reversal-invariant quantum spin Hall phase 5, 6 , and its subsequent realization in HgTe/CdTe heterostructure 6, 7 . Basically, spontaneous quantum Hall models and a subset of quantum spin Hall models defined as two time-reversal copies of the quantum Hall model can be phrased as a property of the generic two-band Hamiltonian H = k ψ † k H k ψ k , where ψ k is a two-component spinor and the matrix H k is H k = ε k I + d k · σ (σ=Pauli matrix). As long as the d k -vector remains nonzero over the entire Brillouin zone (BZ) such that a unique unit-vectord k = d k /|d k | exists, the two eigenstates of H k will be classified according to their spin helicitŷ
the associated flux density can be written in two equivalent forms,
Quantized number for the band, obtained as the integral (1/2π) dk x dk y of Eq. (1), can therefore be interpreted as either the first Chern number or the Skyrmion number of the given band 8-10 depending on the use of the second or the third term of Eq. (1) for the integrand.
There are quite a few other models embodying nontrivial topological numbers that involve the use of 4×4 Γ-matrices, many of which are summarized in Ref. 3 . Although the general classification scheme makes no reference to the dimensionality of the matrix itself, in practice almost all explicit examples of band Hamiltonians with nontrivial topology take the form of an evendimensional matrix in momentum space. In sharp contrast, general discussion of the topological character for odd-dimensional 3×3 matrices, or three-band Hamiltonians, appear to be lacking. The work of Ohgushi, Murakami, and Nagaosa (OMN)
11 provided, to the authors' knowledge, the first microscopic example of a three-band model Hamiltonian with non-trivial topological Chern number. The three-sublattice structure of the Kagome lattice is a natural platform for the three-dimensional Hamiltonian matrix to arise.
In this paper, we divide the general three band Hamiltonian into the spin-1 part and nematic part then try to solve each part separately. The spin-1 model and nematic model involve quantum Hall effect and spin Hall effect respectively. In contrast to two band model, for the spin-1 model, the first Chern number is one half of skyrmion number. We realize that the existence of halfskyrmion (meron) configuration for a unit Chern number band. When we consider the Kagome lattice models for the nematic model, which the spin matrices represent the pseudo-spin from the three-sublattice structure, our spin Hall effect describes the pseudo-spin Hall effect.
The remaining part of this paper is organized as follows. In Sec. II, in terms of spin-1 matrices, we consider a particular three band model involving the quantum Hall effect. All of the other three band model is topologically equivalent to spin-1 model unless the band gap is closed.
As a realistic example, we introduce the OMN model on Kagome lattice which has unit Chern number including the meron structure in momentum space. In Sec. III, by introducing the nematic operator, we construct the different type of three band model with time-reversal symmetry which involves the (pseudo-)spin Hall effect. For an specific model based on Kagome lattice, we perform the linear response calculation of the (pseudo-)spin Hall conductivity. Then we give an physical interpretation for our (pseudo-)spin Hall effect. In Sec. IV we conclude with brief summary and discussions.
II. SPIN-1 MODEL
In general, arbitrary three-band Hamiltonian can be written as a linear combination of eight Gell-Mann matrices
Due to its complicate structure, the exact analytical solution of general three band model is difficult to obtain. By the way, as is well-known, Gell-Mann matrices are the generators of the SU(3) Lie algebra which possess as subgroups several sets of three matrices forming SU(2), or SO(3) sub-algebra. In particular the subset that generates the SO(3) rotation are the matrices of spin-1 operators. We will show that the subset of 3×3 Hamiltonians spanned by the SO(3) generators can be readily analyzed in analogous fashion as their 2×2 counterparts. We specialize to three-band Hamiltonians of the type
where one possible choice of the spin-1 matrix S would be (
All other choices of SO(3) subgroup elements ought to be related to this by a suitable unitary transformation. As in the two-band Hamiltonian, we assume |d k | remains nonzero throughout the BZ. The eigenstates of energies d k and 0 can be worked out readily in terms of the unit
The state of energy −d k is the complex conjugate of |ψ
* . With the aid of explicit wave functions one can evaluate the gauge flux associated with each band. The central band, having real-valued wave functions, has the zero flux, while the upper band has the flux density
The lower band has the opposite sign of the flux density. Comparing Eq. (5) to Eq. (1) one notes a difference of factor 2, originating from spin-1 being twice the size of spin-1/2 12 . A full Skyrmion ford k in the BZ will thus imply an even Chern number for the spin-1 bands.
We ask now if certain topological three-band models considered in earlier literature can be framed in the form of the "parent Hamiltonian" d k · S plus some perturbation. As long as the parent model is connected smoothly to the full one without the gap closing the topological property will be completely captured by the relation, Eq. (5). The Kagome lattice model of OMN 11 is
where . This is precisely the same condition required for the topological equivalence of the original OMN model to its parent form. Written in real space lattice the parent Hamiltonian gives the hopping amplitude proportional to +i for every nearest neighbor bond traversed in the counterclockwise direction.
An astute reader may wonder how come the Skyrmion number in the parent OMN Hamiltonian is only half of an integer. In fact any Hamiltonian matrix d k · S that shares the periodicity of the first BZ, i.e. d k+G = d k for reciprocal lattice vector G, will only allow the integer Skyrmion numbers due to the homotopy π 2 (S 2 ) = Z and, by virtue of Eq. (5), only even Chern integers. On the other hand, explicit calculation of the Berry phase flux yields the Chern numbers of ±1
11 . So why the apparent contradiction? A closer examination shows that d k for the OMN model is not periodic under k → k + G but rather under k → k + 2G as shown graphically in Fig. 1(a) . The same relation between Chern number and winding number for three orbital model with the spin-1 representation is studied in Ref. 
III. NEMATIC MODEL
So far the discussion of the topological character of three-band Hamiltonian is restricted to the "spin" type given by Eq. (2). The nomenclature is obviously derived from S being a representation of S = 1 spin. On the other hand, the following observation prompts us to study another class of three-band Hamiltonians that we denote the "nematic" type. Note that the anti-commutators of the three spin operators (S x , S y , S z ) generate the following five:
These are precisely the remaining five of the Gell-Mann matrices, or in the language of spin liquids, the nematic operators. An arbitrary 3-band Hamiltonian is therefore a sum of the spin part and the nematic part, 
In this case even (odd) D k = +(−)D −k generates the AI (D) class Hamiltonian 3 . A particularly simple kind of nematic Hamiltonian arises by folding the previous spin Hamiltonian
The folding ensures the degeneracy of Kramers' pairs |ψ ± k with the identical energy −(d k ) 2 wherein nonAbelian gauge connection arises [15] [16] [17] [18] . The same wave functions worked out before the folding remain as eigenstates of the new Hamiltonian. A similar three-band Hamiltonian, with d k ∝ k, was proposed for the p-orbital bands of Si
18 . An example of the folded four-band model employing the S = 3/2 spin operator S is the Luttinger Hamiltonian, extensively studied by Murakami, Nagaosa, and Zhang as a model for dissipationless spin Hall current in GaAs 16, 17 . Even for spinless models such as ours, an analogue of spin Hall current can be defined and its response function computed. The special case of d k ∝ k was analyzed in Ref. 18 . Here we maintain the framework as general as possible by keeping d k an arbitrary nonzero vector over the BZ.
Each band has the associated helicity number,d k · S = h (h = +1, 0, −1) and the band-dependent flux density,
The sum of Chern numbers for the doubly degenerate band is obviously zero. Regarding S as the pseudo-spin matrix, the projected pseudo-spin density may be defined as
with
2 denoting the projection onto the eigenstates with E 0 = 0 and
2 , respectively, and ψ p is the threecomponent spinor consisting of A, B, C sublattice site operators. Together with the projected spin current operatorJ
they obey the continuity equationρ 
where n (a) is the Fermi function of each band a = 0, 1. Here j stands for the direction of the applied electric field, i the spatial direction of spin current, and α is the spin orientation. This formula is general and applicable to any three-band Hamiltonians H (f ) k of the folded form, Eq. (8) . Numerical evaluation of the pseudo-spin Hall conductance σ x xy for the parent OMN model is shown in Fig. 1(e) . Due to symmetry other spin orientations give the same Hall conductance: σ =d k , and with our new interpretation it implies that the current loop around a ABC triangle shown in Fig. 2(a) is ψ
=d x +d y +d z and minus this value for |ψ − k . These opposite current loops are the analogues of opposite spin orientations in the genuine spin Hall effect. Now these current loops of opposite signs move in the opposite directions due to the opposite signs of the gauge flux they experience, conserving the timereversal invariance, and result in the pseudo-spin Hall phenomena ( Fig. 2(b) ). Imposing boundaries in the y-direction at y = 0 and at y = L y as shown in Fig. 1(d) introduces some edge modes. The topologically protected edge modes 19 of the parent OMN model connecting the topological bands (top and bottom) with the non-topological band (center) as shown in Fig. 1(c) obey the dispersion 20 E kx = ±2 cos k x when the hopping magnitude is chosen to one. The folded Hamiltonian −(d k · S) 2 also support edge modes, albeit unprotected in the topological sense, with the dispersion E kx = −(3 + cos 2k x ) as shown in Fig. 1(d) . The explicit derivation of the edge dispersion is presented in the Appendix. For the OMN model the sign of the velocity dE kx /dk x determines the spatial location of the edge as either y ≃ 0 or y ≃ L y . In the folded case both edge modes obey the same energy dispersion. The absence of protected edge mode connecting the degenerate bands to the flat band is due to the net topological number for the former bands being zero 19, 21 .
IV. CONCLUSION AND DISCUSSION
In this paper we have taken up the study of the topological aspects of three-band Hamiltonian, applicable to spinless fermions and bosons with three-fold orbital or sublattice degree of freedom. As with the topological two-band models, the Hall conductances of the threeband Hamiltonian is shown to be governed by the same (Chern number) ↔ (Skyrmion number) correspondence with a critical difference of factor two allowing for the existence of meron structure in momentum space for threeband Hamiltonians. For the OMN model we succeeded in obtaining the topological number of the model by using the parent model of Eq. (2). However, we didn't mention about how to obtain the parent model from the general three band model. In this point, we need further studies. A second class of three-band Hamiltonians obtained by the folding procedure is studied. The double degeneracy ensured by folding naturally leads to non-Abelian gauge structure and spin Hall phenomena. Both of three-band models we study, before and after the folding, are subject to the symmetry classification scheme of Ref. The degenerate edge spectrum are depicted in Fig. 1 (c) . For η 2 > 1(η 2 < 1), the edge state is localized at upper(lower) edge. 
